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Refractive Index and Scattering Effects on Radiative Behavior
of a Semitransparent Layer

C. M. Spuckler* and R. Siegelt
NASA Lewis Research Center, Cleveland, Ohio 44135

Heat transfer characteristics are analyzed for a plane layer of semitransparent material with refractive index
> 1. Energy transfer in the material is by conduction, emission, absorption, and isotropic scattering. The layer
surfaces are diffuse intending to model a ceramic layer in high temperature applications. Each side of the layer
is heated by radiation and convection. Internal reflections at the boundary surfaces are included. For a refractive
index larger than unity, there is internal reflection of some of the energy within the layer. This, coupled with
scattering, has a substantial effect on distributing energy across the layer and altering the temperature distri-
bution from when the refractive index is unity. The effect of scattering is examined by comparisons with results
from an earlier paper for an absorbing layer. Results are given for a gray medium with a scattering albedo up
to 0.999, and for a two-band spectral variation of the albedo with one band having low absorption. Radiant
energy leaving the surface as a result of emission and scattering was examined to determine if it could be used
to accurately indicate the surface temperature.
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Nomenclature
quantity defined in Eq. (lie)
absorption coefficient of layer, m"1

quantity defined in Eqs. (lid) and (lie);
C = C/aT4

gl
blackbody radiation constant, m - K
velocity of electromagnetic propagation in
vacuum, m/s
thickness of plane layer, m
spectral flux in a differential interval of
frequency, W-s/m2

exponential integral functions, En(x) =
JJ^-2exp(-^)dAt
blackbody hemispherical spectral radiation
for n = 1, W-s/m2

blackbody fraction in frequency range 0 to v\
Fk, for the Mi band
dimensionless convection-radiation
parameter, hJcrT3^
convective heat transfer coefficient, W/m2-K
radiative source function, W/m2; / =

extinction coefficient, a + crs, m"1

thermal conductivity of radiating medium,
W/m-K
conduction-radiation parameter based on
length D, k/aT3

glD
index of refraction
heat flux, W/m2; q = q/crT4

gl
radiative heat flux, W/m2

spectral radiative heat fluxes incident from
surroundings on each side, W/m2

ratio of heat transfer coefficients, hl/h2
absolute temperature, K
gas temperature, K
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temperatures of radiating surroundings, K
dimensionless temperature, TITgl
coordinate normal to boundary of plane
layer, m; X = x/D
quantity defined in Eq. (21)
emissivity of surface for an opaque layer
optical coordinate K-x\ KD, optical
thickness, K-D
frequency, s-1

reflectivity of interface for internally incident
radiation
reflectivity of interface for externally
incident radiation
Stefan-Boltzmann constant, W/m2- K4

scattering coefficient, m"1

transmissivity of interface for externally
incident radiation
scattering albedo, aJK

Subscripts
a
g
/, o
k
r
v
1,2

apparent surface temperature from heat flux
gas on either side of layer
incoming and outgoing radiation
the A:th frequency band
radiative quantity
frequency
the hotter and cooler surroundings of the
layer

Introduction

T HIS analysis is a continuation of a previous study1 to
examine the effects of scattering in a plane layer of sem-

itransparent ceramic material heated by radiation and con-
vection. The previous analysis1 showed that the temperature
distribution in such a layer can be significantly influenced by
its index of refraction. The amount of external radiant energy
reflected from the outside surface and transmitted into the
interior of a material depends on its refractive index. A more
significant effect is that radiation emitted within the material
volume depends on the square of its refractive index; the
internal volume emission can therefore be many times that
emitted by a blackbody radiating into a vacuum. Since radia-
tion exiting from an interface cannot exceed that of a black-
body, there is extensive energy reflection at the internal in-
terfaces, most of it by total internal reflection. The resulting
effect on the layer temperature distribution was shown in Ref .
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1 for an absorbing layer; the effect of scattering is examined
here. Scattering is another means for energy transfer in the
layer, and further interacts with the effect of total reflection
as the refractive index is increased.

The present analysis examines the effect of isotropic scat-
tering on the heat transfer characteristics for various refractive
indices and other independent parameters. The layer mate-
rial, like many ceramics, has absorption and scattering coef-
ficients that are functions of the radiation frequency. The
analysis includes a spectrally dependent scattering albedo.

Results are shown first for a gray layer with various scat-
tering albedos up to 0.999. Then a two-band spectral variation
of the absorption coefficient is examined with an added gray
component of scattering. The two-band model simulates the
type of spectral variations reported for ceramics.2 A larger
number of bands can be included in the calculations if needed;
the computer program is written for an arbitrary number of
bands. The results for various refractive indices and scattering
albedos include temperature distributions, surface tempera-
tures, and apparent surface temperatures that an optical py-
rometer would measure based on radiant energy received.
The ceramic surfaces are assumed to have some roughness,
so they act to diffuse transmitted or reflected radiation. Dif-
fuse boundary conditions are used in the analysis. The layer
reaches an equilibrium temperature distribution, depending
on the surrounding heating or cooling environments that pro-
vide radiation and convection. The effects on the layer tem-
perature distribution are investigated for various magnitudes
of the heat transfer conditions.

An analysis of temperature distributions in absorbing-emit-
ting layers, including index of refraction effects, was devel-
oped by Garden3 to predict cooling and heat treating of glass
plates. The interfaces were optically smooth so reflections are
specular and are computed from the Fresnel reflection laws.
Another application4 was for the heating of a window in a re-
entry vehicle. Recently, several papers5 7 have further ex-
amined the effects of Fresnel boundary reflections and non-
unity refractive index. In other instances, diffuse assumptions
at the interfaces have been used in analyses of steady and
transient heat transfer to single or multiple plane layers.8"10

Reference 11 includes both spectral and directional effects at
solid walls bounding a semitransparent layer. Directional var-
iations of the emission-reflection characteristics of the bound-
ing solid walls were found to have small effects. The present
authors have not found a detailed analysis for a scattering
layer subjected to the heating conditions studied here. This
includes the effects of diffuse interfaces without enclosing
solid boundaries, the total reflection of a portion of the in-
ternally radiated energy, isotropic scattering, and a nonunity
refractive index. The analysis is given for a general spectral
variation in both the absorption and scattering coefficients.

Analysis
The geometry and coordinate system are in Fig. 1. The

layer has thickness Z), constant n, and spectral absorption and
scattering coefficients av and crsv. A specified spectral distri-
bution of diffuse radiative heat fluxes dqvrl(v) and dqvr2(v) is
incident on each boundary, and there is convective heat trans-
fer provided by external gas flows at temperatures Tgl and
Tg2 with hl and h2. Side 1 is selected as the higher temperature
side.

Temperature Distribution Relations from Energy Equation

Within the semitransparent material, energy is transferred
by conduction and radiation. The radiative energy flux is writ-
ten as the integral over all frequencies of the spectral flux so
that the energy equation is12

Tldx2

spectral
diffuse

flux:
dqvrl ——— *•

Ts,

Convection:

fc

V" -
absorbing, emitting,
scattering material

n, av, osv

radiative flux:
—— *- dqvr(0) dqvr(D) ——— ̂

incoming flux:
/- dclvi(0) dqvi(D) \^

^\outgoing flux: .^
^ dqvo(0) dqvo(D) <~

transmitted flux:
—— *- dqvrli° dqvr2T° ̂  ——

^^^reflected flux: .<^
^^ dqvi(0)p' dqvi(D)p' ̂

T(x) pi

•+ —————————— D —————————— ̂

/\ ..... . . . .

spectral
diffuse

flux:

Convection:

Ifh2

''
Fig. 1 Geometry, coordinate system, and nomenclature for radiative
fluxes for absorbing and scattering layer.

Equation (1) is integrated with respect to x and equated to
its values at x = 0 and D to give

cbc
f00

- dqvr(x, v) = const
Jo

* - I dqvr(Jo J = k dx Jo

(2)

Each boundary is exposed to diffuse radiation incident from
the surroundings and to convection. After partial reflection
at a boundary, radiation passes into the medium and interacts
internally. There is no absorption at the plane of the interface
since it does not have any volume. Hence, the conduction
derivative terms at the boundaries equal only the convection,
so that Eq. (2) becomes

"Tdx dqvr(x, V) = ht[Tgt - 7X0)]

d^XO, v) = h2[T(D) - Tg2] + o dq^D, v)
(3)

As shown in Ref . 1 the energy equation in the form of Eq,
(3) is integrated again, with respect to x, and the following
relations are obtained for the layer temperature distribution
and surface temperatures

T(X) = 7X0) - -^ [Tgl - T(0)]x

TOO cx f r=c 1
- j dq»r(Q, v) + - dqv,(x, v) dxk Jo k Jo \_Jo J (4)

(1) (5)
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T(D) = r(0) + ̂  [Tgl - r(o)] + ^- jj

/Zo JO

(6)
Relations for Radiative Flux

Equations (4) and (5) for the temperature distribution con-
tain the spectral radiative flux, dqvr(x, v). For a medium with
scattering, this depends on the unknown radiative source func-
tion Iv(x, v), and is given in dp for a plane layer by12

„= 2 - 2

dx*

dx* (7)

Equation (7) contains the diffuse spectral fluxes dqvo(G) and
dqvo(D) indv that leave the internal surface of each boundary
(Fig. 1). These fluxes must be expressed in terms of the fluxes
incident from outside the layer to provide coupling with the
externally imposed radiative conditions.

By using the procedure in Ref. 1, the boundary relations
(see Fig. 1)

dqvo(Q) - dqvrlr°v + dqvl(Q)p'v (8a)

dqvo(D) = dqvr2r° + dqvi(D)p'v (8b)

dqvr(Q) = dqvo(0) - dqvi(Q) (9a)

dqvr(D] = ~dqvo(D) - dqvl(D) (9b)

were used to obtain the internal incoming fluxes

dqvi(Q) = 2 dqvo(D)E3(KvD)

+ 277 fD Kvlv(x) dvE2(Kvx) dx (lOa)
Jo

dqvi(D) = 2 dqvo(0)E3(KvD)

(lOb)+ 277 Kvlv(x) dvE2[Kv(D - x)} dx

The dqvi(0) and dqvi(D) are eliminated between Eqs. (8) and
(10) , and the resulting simultaneous equations solved for dqvo(Q)/
dv and dqvo(D)ldv (the ratios relative to dv are used to avoid
dealing numerically with infinitesimal quantities such as dqv)

dv
CJdv + AvCJdv

1 - At

where

dqvo(D) = CJdv + AvCJdv
dv ' ~ 1 - At

Av = 2pl
vE3(KvD)

(lla)

(lib)

(lie)

dx (lid)

dv dv \ Iv(x)E2[Kv(D - x)} dx (lie)Jo '

Equation for the Source Function
The radiative flux depends on the source function lv(x).

This is obtained from the integral equation for a plane layer12

/„(*) = (i - n>2 e-^-

TT dv 77 dv

Kv - **|) dx" (12)

Solution Procedure
An iterative solution is obtained by assuming temperature

and spectral source function distributions as a first step. To
resolve the spectral dependence, a sufficient number of fre-
quency values are needed to provide the desired accuracy
when a numerical integration is carried out over frequency to
obtain the total energy. For each v the AV1 Cvlldv, and Cv2l
dv are evaluated from Eqs. (lie), (lid), and (lie) and are
used to calculate dqvoldv from Eqs. (lla) and (lib). New
Iv(x) are then obtained by iterating Eq. (12) for each v where
evh(x) is evaluated using the assumed T(x). The dqvr(x)ldv is
then obtained from Eq. (7). T(0) is evaluated from Eq. (5),
and a new temperature distribution T(x) is obtained from Eq.
(4). This temperature distribution along with the spectral and
spatial distributions of Iv(x) are used to start a new iteration.
The process is continued until a converged solution is ob-
tained. The procedure is now given for a banded solution,
which is the usual solution method.

Relations for Frequency Banded Model in Dimensionless Form
In a banded formulation, the extinction coefficient and scat-

tering albedo have constant values in each designated spectral
range. The Kk and £lk apply in the /cth frequency band from
vk to vk+\- If T° and pi vary with frequency, they are also
approximated as constant within each band. The preceding
relations are integrated over the fcth band, and using the
groups defined in the nomenclature, the band equations needed
for the iterative solution have the dimensionless forms.

Boundary relations

I - A\

I - A2
k

Ak =

(13a)

(13b)

(13c)

2n>p'kKDk Mk(X)E2(KDkX) AX (13d)

- X)]

(13e)

Source function equation

^ E2[KDk(l - X)}

- X*h H v* (14)
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The Fk(T) is the energy fraction in the kth frequency band
for a blackbody at temperature T(x).

Flux relations

- X)]

2KkDn2 MkE2[KkD(X - X*)]

- £ A7,£2[KkD(X* - X)] dX* (15)

Each integration over frequency in Eq. (4) is obtained as a
sum over the spectral bands

q,(X) = (16)

Temperature relations

f(0) = 1 + U? + 1

^\\R+??

tg2-\

(17)

t(X) = f(0) ~^i^[l - f(0)]AT-

fxL *< (18)

Relations for Diffuse Interface Transmittance and Reflectance
For diffuse interfaces, the roughness influences T° for ra-

diation incident from the outside, and p' for radiation incident
from within the layer. When the refractive index of the me-
dium is greater than unity, p' must account for some of the
internal radiation being totally reflected at the interface.

In the absence of other information, the interface charac-
teristics for a ceramic surface were determined by integrated
averages of the Fresnel reflection relations. For diffuse ex-
ternally incident radiation this gives12

- 1)

ft2(ft2 - I)2 in - 1
(^ + i)3 '"VH + i

8rc>4+ 1)

2n3(n2 + 2 / 7 - 1 )
(n2 + l)(n4 - 1)

(n2 + - I)2 (19)

This assumes the interface properties can be calculated by
considering the medium to be a nonattenuating dielectric, that
is, neglecting the effect of the extinction coefficient in the
complex index of refraction. This is reasonable unless the
extinction coefficient is large.13 For spectral regions where
there is a high extinction coefficient, relations must be used
to obtain T° and p' that include the imaginary part of the
complex index of refraction (Ref. 12, Chap. 4). After allowing
for energy at angles larger than the critical angle for total
reflection, the p'(ri) is found from14

pl(n) = 1 - [r°(n)/n2] (20)

Values of r°(n) and pl(n) are in Table 1 of Ref. 1 for various
n. The internal reflection becomes large as n increases.

Numerical Solution Method
The numerical solution of Eq. (14) for AT* (A") in each wave-

length band requires integrating blk(X) multiplied by E^
Since £,(0) -> <*> the integrals were evaluated analytically for
a small region where X* is near X by using &Ik(X*) « &Ik(X)
which is then taken out of the integral. The integral of El
with respect to X* is then done analytically. The rest of the
integral was evaluated with the Gaussian integration subrou-
tine QDAGS from the IMSL library. The layer was divided
into evenly spaced grid points; by trying various grid sizes,
41 points were usually found sufficient so that more points
did not change the temperature distributions more than a
fraction of 1%. For an optical thickness of 100 some calcu-
lations were made with 81 points. The &Ik(X) and t\X) dis-
tributions were fitted during each iteration by the cubic spline
subroutine CSINT from the IMSL library. The Gaussian sub-
routine called for unevenly spaced grid points, and during the
calculations they were interpolated as required from the spline
fit.

The blackbody fraction Fk(T) = F0.Vk+l(T) - F(}_Vk(T)in
Eq. (14) was evaluated during the solution by using the rapidly
converging series15

15
7T4 m

where

(21)

Special Cases for Nonabsorbing and Opaque Layers
In the limit of zero absorption there is no radiative inter-

action with the temperature distribution, and the ordinary
relations for heat flow through a plane layer with boundary
convection and internal conduction are

1

1 + (HR/ND) + /?

r(^) - *(0) - (H^WD)[1 - ^(0)]^

(22a)

(22b)

For an opaque layer (KD — > c° with aD finite) there is ab-
sorption and emission only at the boundaries and t(X) is
linear. For opaque surfaces e1 and e2 depend on n and are
equal to 1 - p° = r° from Eq. (19)" The f(0) and t(l) are
obtained from three equations: Eqs. (23a) and (23c) are from
a heat balance at each gray interface, and Eq. (23b) is for
internal heat conduction

HR[l - - q = 0 (23a)

ND[t(0) - t(l)] -q = Q (23b)

(HR/R)[t(l) - y + s2[t\l) - qr2] - q = 0 (23c)

Results and Discussion
The effect of the index of refraction on the temperature

distribution was examined by Spuckler and Siegel1 for a layer
with absorption and emission; the present results show the
additional effect of scattering. Results are given first for a
gray layer; the effect of spectral property variations is then
examined with two-band calculations. To reduce the para-
metric study the results given here are for R = hl/h2 = I and
tg2 = Tg2/Tgl = 0.25. The surrounding temperatures are set
equal to the gas temperatures; tsl = tgl = 1 and ts2 = tg2 =
0.25. The surroundings are assumed to act like blackbody
sources so qrl = aT4

sl = aT4
gl and qr2 = crT4

s2 = crT4
g2.
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Dimensionless position, X = x/D

a) n = 1
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b)« = 2
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0.3

---- 0.9

0.0 0.2 0.4 0.6 0.8 1.0
Dimensionless Position, X = x/D

c) n = 4
Fig. 2 Effect of scattering albedo, optical thickness, and index of
refraction on temperature distributions; tsl = tgl = 1, ts2 — tg2 =
0.25, ND = 0.1, HR = 1, R = 1.

Effect of Optical Thickness for Various Refractive Indices
In Fig. 2 temperature profiles for a gray layer with a scat-

tering albedo of 0.9 are compared for various optical thick-
nesses with those for absorption alone. The three parts of the
figure are for refractive indices, n = 1,2, and 4. Convection
is comparable to the external radiation at the hot side, so the
convection-radiation parameter HR = 1. The conduction pa-
rameter is rather small, ND = 0.1; this provides a significant
influence of internal radiation rather than the temperature
distribution being dominated by conduction.

Compare the dashed curves for ft = 0.9 with the solid
curves for ft = 0 (absorption only). The ratio of absorption
to extinction is a/(a + o-5) = 1 - ft, so for ft = 0.9, aD =
0.1(0 + crs)D. For all three refractive indices, the temperature
profiles for scattering with ft = 0.9 and optical thicknesses
of KD = (a + as)D = 0.1 and 1 are almost the same as those
without scattering (ft = 0) and with optical thicknesses based
only on the absorption thickness, KD = aD = 0.01 and 0.1.
This shows that for an optical thickness, (a + as)D < 1, it is
absorption that dominates the temperature distribution; the
presence of isotropic scattering has little effect and the profiles
depend mainly on the absorption thickness aD. Looking in
detail at the profiles, for ft = 0.9 and KD - 1, scattering
produces only slight differences from the t(X) obtained for
KD = 0.1 with ft = 0. For small X, the profiles with scattering
are slightly higher than those without scattering and with the
same amount of absorption; for large X, however, the relative
positions are reversed. For small X there is evidently absorp-
tion of backscattered energy. At large X scattering reduces
the energy propagating forward from the hot side.

In contrast with the results for KD < 1, the temperature
profiles for ft = 0.9 and KD = 10 (aD = 1) are close to those
for ft = 0 and aD = 10. For this larger optical thickness,
scattering enhances the absorption process and tends to act
the same as absorption; for 0 < ft < 0.9 with KD = 10 ab-
sorption is large enough to absorb the scattered energy instead
of letting it pass through the layer. For KD = 10, the albedo
must be larger than 0.9 for the profile to be significantly
changed from that with ft = 0. This is shown in Fig. 3.
Effect of Large Scattering Albedo

The effect of large albedos ft > 0.9 is shown in Figs. 3 and
4 in two different ways. In Fig. 3 the optical thickness is kept
at a fixed value (a + crs)D = 10. Therefore, as ft is increased,
there is proportionately less absorption and more scattering.
As ft goes to unity, and hence 0 —» 0, the temperature profile
approaches the transparent limit in Eq. (22) as there is no

0.0 0.2 0.4 0.6 0.8 1.0
Dimensionless position, X = x/D

Fig. 3 Effect of large scattering albedos and index of refraction on
temperature distributions for an optical thickness of 10; tsl = tgl =
1, ts2 = tg2 = 0.25, ND = 0.1, HR = 1, R = 1.
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1.0

0.0 0.2 0.4 0.6 0.8 1.0
Dimensionless position, X = x/D

a) aD = 1

1.0

0.0 0.2 0.4 0.6 0.8 1.0
Dimensionless position, X = x/D

b) aD = 0.1

Fig. 4 Effect of increasing scattering while keeping absorption con-
stant; tsl = tgl = 1, ts2 = tg2 = 0.25, ND = 0.1, HR = 1, R = 1, n
= 2.

radiant absorption to interact with the local energy distribu-
tion. For each part of Fig. 4, however, aD, is held constant.
The ft is increased by adding scattering. For very large scat-
tering or, » a, a + <js ~ cr5, and ft —» 1, but there is still
finite absorption. The purpose of Fig. 4 is to show the effect
of opacifying a layer with additional scattering cr5, but without
changing a.

In Fig. 3 for KD = 10 held fixed, the effect of albedos larger
than 0.9 is shown for refractive indices of 1 (solid lines) and
2 (dashed lines). The conduction and convection parameters,
ND = 0.1 and HR = 1, are the same as in Fig. 2. Consider
the results for n = 1 (solid lines). As discussed in Fig. 2, for
KD = 10 increasing ft from 0 to 0.9 causes only a small change
in the temperature profiles. For ft = 0.99, however, absorp-
tion is decreased sufficiently so that the temperature profile
moves toward the transparent limit, Eq. (22), that is reached
when ft = 1 and a = 0. The temperature profile is close to
that in Fig. 2a for no scattering and for aD = (1 - ft)KD =
0.1. This indicates that for large scattering with small ab-
sorption the temperature profiles depend on aD rather than
on (a + crs)D. When ft is increased to 0.999 so that aD =
0.001, the temperature profile in Fig. 3 is practically at the
transparent limit.

The results change somewhat for n = 2 in Fig. 3 (dashed
lines). The temperature profiles are less linear than for n =
1. The profiles cross, and the crossover location moves to
smaller X as ft is increased. The internal reflection of scat-
tered energy at the interfaces aids absorption within the layer,
so as ft is increased and aD becomes small, the profiles do
not approach the transparent limit as rapidly as they did for
n = 1.

In Fig. 4a, aD is kept fixed at 1 while ft is increased. Hence,
as ft increases, the optical thickness (a + as)D increases. The
effect of additional scattering with a fixed aD causes the tem-
perature profile to move gradually toward the opaque limit
given by Eqs. (23). These results are for n = 2.

Figure 4b shows the effect of a smaller absorption thickness,
aD = 0.1. The aD is kept fixed and scattering is added. The
behavior is similar to Fig. 4a except that the opaque limit is
approached more slowly as KD increases. This is because there
is very little absorption to influence the temperature distri-
bution. Scattering increases multiple reflections within the
layer and makes absorption more effective, so the opaque
limit is gradually approached as scattering is added, while aD
is kept constant.

Effect of Internal Heat Conduction
The effect of ND, which is proportional to internal heat

conduction, is shown in Fig. 5. The results are for KD = 1
where, for absorption alone, there was found to be a maxi-
mum internal radiative effect.1 The heavy lines (both solid
and dashed) are for ND = 0.1: the thinner lines (solid and
dashed) are for ND = 1Q. The dashed lines are for ft = 0.9
and can be compared with the solid lines for ft = 0. Results
are given for three refractive indices, n = 1,2, and 4.

Figure 5 contrasts the behavior for ND = 0.1 and 10 when
ft changes from 0 to 0.9 for a constant optical thickness KD
= 1. Consider first the results for ft = 0. For ND = 10,
conduction is high enough that the temperature distributions
are practically uniform; there is little effect of n on the profile
shape. For ND = 0.1, however, the profiles become more
uniform in the central portion of the layer as n is increased.
For a large n, energy is distributed across the layer by means
of internal reflections. When ft is increased from 0 to 0.9 (aD
decreases from 1 to 0.1) the temperatures for ND = 10 are
decreased as a result of reduced absorption. The temperature
profiles for ND = 0.1 become less radiation-dominated be-
cause of decreased absorption, and have the more linear char-
acter of a conduction profile.

1.0

_ 0.9

0.8

0.7

® 0.6

0.5

5 0.4

0.3
0.0 0.2 0.4 0.6 0.8 1.0

Dimensionless position, X = x/D

Fig. 5 Effect of heat conduction, scattering albedo, and index of
refraction on temperature distributions; tsl = tgl = 1, ts2 = tg2 =
0.25, HR = 1,R = 1,KD= I.



308 SPUCKLER AND SIEGEL: REFRACTIVE INDEX AND SCATTERING

Effect of Convection at Interfaces
The results in Figs. 2-5 are for an intermediate value of

the convection parameter, HR = 1. Figure 6 gives results for
larger and smaller convection for an intermediate optical
thickness, KD = 1. A large HR (heavy solid and dashed lines
on Fig. 6) causes the surface temperatures to move toward
the gas temperatures (1 and 0.25). As n is increased, the
temperature profiles become more uniform in the central re-
gion of the layer, and large gradients occur near the surfaces.
The temperature uniformity in the central portion is produced
by internal reflections that distribute energy across the layer.
For small convection (thin solid and dashed lines in Fig. 6)
the profiles become more uniform as n is increased. Radiation
is dominating, and convection is insufficient to bring the sur-
face temperatures near the gas temperatures. When fl is in-
creased from 0 to 0.9 (aD decreases from 1 to 0.1) the profiles
show the effect of decreased absorption, and the layer tends
to behave like one with absorption only with aD = 0.1 as
discussed for Fig. 2 with KD = 1. For n = I and HR = 0.1
the temperatures are reduced, but the profiles are similar.
For n = 2 and 4 the temperatures are reduced at large X.
For H = 0.9 the temperature profiles tend to be less uniform
in the central region than for 11 = 0.

Surface Temperature and Apparent Surface Temperature
Calculated from Radiative Energy Leaving Interface

When using radiation measurements to determine temper-
atures of semitransparent layers, radiant energy leaving the
layer is detected and converted to an indicated surface tem-
perature. The detected radiation consists of emitted, trans-
mitted, scattered, and reflected energy. A correction is usually
made to account for the energy reflected from the observed
surface. The leaving flux used to determine the apparent sur-
face temperature is emission and scattering by the layer com-
bined with the flux transmitted through the layer from that
supplied to the other side. The diffuse surface emissivity is
equal to r° as obtained from Eq. (19) so Ta = (leaving flux/
r°cr)1/4. In Fig. 7 the apparent surface temperature ta = TJ
rgl is compared to the actual surface temperature from the
distributions in the previous figures. Figure 7 gives results for
fl = 0 (solid lines) and 0.9 (dashed lines) with a conduction
parameter of ND = 0.1; the two parts of the figure are for n
= 1 and 2.

0.0 0.2 0.4 0.6 0.8 1.0
Dimensionle'ss position, X = x/D

Fig. 6 Effect of convection, scattering albedo, and refractive index
on temperature distributions; tsl = tgl = 1, ts2 = tg2 = 0.25, ND =
0.1, R = 1, KD = 1.
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Fig. 7 Effect of optical thickness, scattering, and refractive index on
apparent surface temperatures computed from radiative flux; tsl =
tgl = 1, ts2 = tg2 = 0.25, HR = 1,ND = 0.1, R = l.

For the hot surface, when n = 1 the actual temperatures
for H = 0.9 are close to those for 11 = 0 although when KD
> 10 the difference increases. When n = 2 the fl = 0.9 results
are higher than those for (1 = 0 when KD < 20. For the cold
side, the actual surface temperatures for H = 0.9 are lower
than those for n = 0, but when KD is greater than about 20
there is little difference.

Comparing apparent and actual surface temperatures in-
dicates that for fi = 0 fairly accurate surface temperature
measurements can be made if KD > 10 for the hot surface and
>30 for the cold surface. For H = 0.9 the ta and t curves
cross and move apart at large KD. Scattered energy causes the
energy leaving the surface to differ from that characteristic
of the surface temperature. To obtain an accurate surface
temperature a scattering correction may be required that de-
pends on n. For ND = 1 and (1 = 0 it was found in Ref. 1
that the required KD are lower; the hot and cold surfaces now
require KD > 10 if H = 0.

Nongray Effects on Temperature Distributions
The previous results have been for a gray layer, and they

provide insight into the behavior of a nongray layer. Some
results are given here for a two-band model where the layer
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optical thickness changes in a step fashion from a small to a
larger value as wavelength is increased (frequency is de-
creased). The absorption coefficient has different values on
either side of the cutoff wavelength with the lower value below
the cutoff as is typical of window materials. Added to this is
a uniform component of scattering; this shows the effect of
opacifying a material that is originally without significant scat-
tering. Although frequency (which does not change with n
when crossing an interface) is used as the convenient spectral
variable in the analysis, the cutoff location is given here in
terms of wavelength which is common in the literature. The
parameter XcTgl determines the fractional amounts of energy
on either side of Xc for the blackbody source at Tgl on the
hot side. The value XcTgl = 4000 is used, which divides the
incident radiant energy about equally above and below Ac.
Additional parameters are the individual values of aD and
crsD on either side of Ac.

Figure 8 shows the effect of adding scattering to a material
with aD = 0.1 and 10 in the short and long wavelength re-
gions. The two parts of the figure are for n = 1 and 2. The
dashed curve shows the temperature distribution for absorp-
tion only (asD = 0). Then a constant amount of scattering is
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Fig. 8 Nongray and scattering effects on temperature distributions,
t,i = tgi = 1, ts2 = tg2 = 0.25, HR = 1, ND = 0.1, R = 1, \cTgl =
4000, band aD = 0.1, 10.

added, asD = 0.9. The temperature distribution, as given by
the upper solid curve, is hardly changed by this amount of
scattering probably because the layer has small absorption in
the short wavelength region. A further increase in scattering
to crsD = 9.9 decreases the temperature a moderate amount
except for small X where there is a slight increase. This may
be caused by backscattering which increases absorption for
small X, but otherwise reduces energy penetration to larger
X. This effect is increased for n = 2. For comparison, two
dot-dashed curves are included where absorption has been
added, rather than scattering, to provide the same optical
thicknesses as for the two solid curves. The relative positions
of the solid and dot-dash curves show the effect of part of the
optical thicknesses being the result of scattering rather than
absorption.

Figures 9a and b'give the effect on the temperature profiles
of adding scattering of asD = 9 for all A to a two-band ab-
sorbing layer with aD = 1, 100 below and above Ac. The
results are compared to those for absorption only for n = 1
and 2. The two-band curve for absorption only (aD = 1,100)
is shown with long dashes. This is compared with nonscat-
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Fig. 9 Nongray and scattering effects on temperature distributions,
tsl = tgl = 1, ts2 = tg2 = 0.25, HR = 1, JVz> = 0.1, R = l, *Jgl =
4000, band aD = 1,100.
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tering gray layers with aD = 1 or 100 by the short dashed
curves. For \Tgl = 4000 the two-band curve for fl = 0 has
some of the characteristics that the nonscattering gray curves
have for the KD in each of the bands. It is shaped like the
gray curve for 0D = 1 (ft = 0), but is displaced somewhat
toward the gray curve for aD = 100 (ft = 0).

When scattering of asD = 9 is added, the solid curve is
obtained. The profile is a little more linear like an opaque
layer, such as the gray profile with aD = 100 and ft = 0. A
dot-dash curve is shown for absorption only with aD having
the same values as (a + cr5)D for the two-band case with
scattering; the profile is close to the solid curve. The optical
thicknesses are large enough that scattering acts the same as
absorption, which is the condition in radiative equilibrium.

Conclusions
Temperature distributions and radiative fluxes are obtained

for a semitransparent layer heated on both sides by radiation
and convection. Isotropic scattering is included, and both gray
and nongray behavior is examined. A refractive index larger
than unity significantly affects the temperature distributions
by producing internal reflections at the boundaries. Near the
boundaries there can be large temperature gradients from the
interaction of radiation and convection. For large n the tem-
peratures become somewhat uniform in the central part of
the layer.

For a gray layer the effect of scattering was found to depend
on the optical thickness and the amount of absorption in the
layer. For optically thin layers with KD = (a + <js)D < 1 the
temperature profiles depend on the absorption thickness aD
and are rather independent of the scattering thickness crsD.
For larger KD > 10 (and with aD not becoming very small),
scattering is almost as effective as additional absorption so
the temperature distributions depend on the optical thickness
(a + o-s)D. A two-band nongray layer exhibits some of this
behavior depending on whether both bands are optically thin,
optically thick, or one is thin and the other thick.

The energy leaving each surface by emission, scattering,
and transmission from the other side was examined to deter-
mine when it could be used to calculate the surface temper-
ature as would be done in experimental measurements. For
some conditions, an optical thickness of 10 was large enough
to obtain an accurate surface temperature. For other param-
eters, an optical thickness of 30 or larger was required. In-
creased heat conduction decreases the required optical thick-
ness since internal temperatures become more uniform, and
emitted and scattered radiation from within the medium are
more characteristic of the surface temperature. For scattering
there will be an error in using the leaving energy to predict
surface temperature. This is because scattered energy leaving

from within the layer may not be characteristic of the surface
temperature.
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